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Abstract
In this paper, we consider testing marginal normal distributional assumptions. More precisely,
we propose tests based on moment conditions implied by normality. These moment conditions
are known as the Stein (1972) equations. They coincide with the first class of moment
conditions derived by Hansen and Scheinkman (1995) when the random variable of interest is
a scalar diffusion. Among other examples, Stein equation implies that the mean of Hermite
polynomials is zero. The GMM approach we adopt is well suited for two reasons. It allows
us to study in detail the parameter uncertainty problem, i.e., when the tests depend on
unknown parameters that have to be estimated. In particular, we characterize the moment
conditions that are robust against parameter uncertainty and show that Hermite polynomials
are special examples. This is the main contribution of the paper. The second reason
for using GMM is that our tests are also valid for time series. In this case, we adopt a
Heteroskedastic-Autocorrelation-Consistent approach to estimate the weighting matrix when
the dependence of the data is unspecified. We also make a theoretical comparison of our tests
with Jarque and Bera (1980) and OPG regression tests of Davidson and MacKinnon (1993).
Finite sample properties of our tests are derived through a comprehensive Monte Carlo study.

Finally, two applications to GARCH and realized volatility models are presented.
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1 Introduction

In many econometric models, distributional assumptions play an important role in the
estimation, inference and forecasting procedures. = Robust estimation methods against
distributional assumption are available, such as the Quasi-Maximum-Likelihood (White, 1982;
QML) and Generalized Method of Moments (Hansen, 1982; GMM). However, knowing the true
distribution of the considered random variable may be useful for improving inference. Such is
the case in stochastic volatility models where several studies have shown that simulation and
Bayesian methods outperform the QML and GMM methods (Jacquier, Polson and Rossi, 1994;
Kim, Shephard and Chib, 1998; Andersen, Chung and Sorensen, 1999; Gallant and Tauchen,
1999). Moreover, knowing the distribution is also crucial when one forecasts nonlinear variables
like volatility in the EGARCH model of Nelson (1991), or the high frequency realized volatility
model of Andersen, Bollerslev, Diebold and Labys (2001, ABDL). This is also important
when one evaluates density forecasts as in Diebold, Gunther and Tay (1998). In continuous
time modeling, Chen, Hansen and Scheinkman (2000) argue that an interesting approach is
to first specify the unconditional distribution of the process, and then specify the diffusion
term. Therefore, developing test procedures for distributional assumption diagnostics in both
cross-sectional and time-series settings is of particular interest.

The main purpose of our paper is to provide a new approach for testing normality.
We consider normality given its importance in the econometric literature. = Moreover,
econometricians are more familiar with testing normality. Finally, any continuous distribution
may be transformed on a normal one.

There is an important literature on testing normality. This includes tests based on
the cumulative distribution function (Kolmogorov, 1933; Smirnov, 1939), the characteristic
function (Koutrouvelis, 1980; Koutrouvelis and Kellermeier, 1981; Epps and Pulley, 1983),
the moment generating function (Epps, Singleton and Pulley, 1982), the third and fourth
moment (Mardia, 1970; Bowman and Shenton, 1975; Jarque and Bera, 1980), and the Hermite
polynomials (Kiefer and Salmon, 1983; Hall, 1990; van der Klaauw and Koning, 2001).}

Our approach is based on testing moment conditions. The conditions we consider are
based on Stein (1972), where it is shown that the marginal distribution of a random variable is
normal with zero mean and unit variance if and only if a particular set of moment conditions
hold. Each moment condition is known as the Stein equation (see for instance Schoutens,
2000). We show that special examples of this equation correspond to the zero mean of any
Hermite polynomial. Interestingly, the Stein equation coincides with the first class of moment
conditions given by Hansen and Scheinkman (1995) for continuous time processes when one

considers a normal process, that is the Ornstein-Uhlenbeck process.?

"'Multivariate tests are also based on the third and fourth moments (Mardia, 1970; Bera and John, 1983;
Richardson and Smith, 1993; Kilian and Demiroglu, 2000; Fiorentini, Sentana and Calzolari, 2003a).
?Hansen and Scheinkman (1995) present two classes of moment conditions related respectively to the



We used the GMM approach for testing the Stein equation. The GMM approach is very
appealing for two reasons. It is well suited for correcting the test statistic distribution when
one uses estimated parameters. Moreover, in the GMM setting, it is easy to take into account
potential dependence in the data when one tests marginal moment conditions.

In general, the normality assumption is made for unobservable variables. Hence, one has
to estimate the model parameters and then test normality on the fitted variables such as the
residuals. As a consequence, one has to take into account the parameter uncertainty, since it
is well-known that in general the distribution of the test statistic is not the same when one
uses the true parameter and an estimator. This problem leads Lilliefors (1967) to tabulate
the Kolmogorov-Smirnov test statistic when one estimates the mean and the variance of the
distribution. In the linear homoskedastic model, White and MacDonald (1980) stated that
various tests are robust against parameter uncertainty, particularly in tests based on moments
that used standardized residuals. Dufour, Farhat, Gardiol and Khalaf (1998) developed Monte
Carlo tests to take into account parameter uncertainty in the linear homoskedastic regression
model in finite samples. More recently, several solutions have been proposed in the literature:
Bai (2002) and Duan (2003) proposed transformations of their test statistics that are robust
against parameter uncertainty; Thompson (2002) proposed upper bound critical values for his
tests; Hong and Li (2002) used separate inference procedure by splitting the sample; while
Corradi and Swanson (2002) used the bootstrap.

It turns out that the GMM setting is well suited for incorporating parameter uncertainty in
testing procedures by using Newey (1985) and Tauchen (1985); see also Gallant (1987), Gallant
and White (1988), and Wooldridge (1990). In this paper, we show that some testing functions
are robust to the parameter uncertainty problem. That is, the asymptotic distribution of the
feasible test statistic based on an estimated parameter is identical to that of the test statistic
based on the true (unknown) parameter. Hermite polynomials are special examples of functions
that have this robustness property. This result is a generalization of Kiefer and Salmon (1983)
who showed that tests using Hermite polynomials are robust to parameter uncertainty when one
considers a nonlinear homoskedastic regression estimated by the maximum likelihood method.
In contrast, our result holds for more general models and for any estimation method. This
property is very important when one uses advanced technical methods as in the stochastic
volatility case. This result is the main contribution of the paper.

The second reason for using GMM is, when the variable of interest is serially correlated,
the GMM setting is also well suited to take into account this dependence by using the
Heteroskedastic-Autocorrelation-Consistent (HAC) method of Newey and West (1987) and
Andrews (1991). Using a HAC procedure in testing marginal distributions was already adopted
by Richardson and Smith (1993) and Bai and Ng (2002) for testing normality, Ait-Sahalia

marginal and conditional distributions of the process. Note, however, that while Hansen and Scheinkman
(1995) derived these moment conditions in a Markovian case, we do not make this assumption.



(1996) and Conley, Hansen, Luttmer and Scheinkman (1997) for testing marginal distributions
of nonlinear scalar diffusion processes.

The paper is organized as follows. In section 2, we introduce the Stein equation and
characterize its relationships with Hermite polynomials and Hansen and Scheinkman (1995)
moment conditions. In section 3, we derive the test statistics we consider in both cross-sectional
and time series cases. Then, we study the parameter uncertainty problem in section 4. In
section 5, we provide an extensive Monte Carlo study in order to assess the finite sample
properties of the test statistics we consider and to compare them with the most popular
methods, i.e. the Kolmogorov-Smirnov and Jarque-Bera tests. Section 6 applies our theory to
two examples from the volatility literature while the last section concludes the paper. All the

proofs are provided in the Appendix.

2 The Stein equation

In this section, we first introduce the Stein (1972) equation which will be the basis of the test
functions we consider to test normality. Then we specify this equation when one considers
the Hermite polynomials. This is important because the most popular normality test in the
econometric literature, namely the Jarque and Bera (1980) test, is based on moment conditions
on the third and fourth Hermite polynomials. Finally, we relate the Stein equation to the first
moment conditions derived by Hansen and Scheinkman (1995) in the case of a continuous time

process.

2.1 The Stein equation

Stein (1972) shows that a random variable X has a standard normal distribution A (0, 1) if
and only if, for any differentiable function f such that E|f'(Z)| < +oo where Z is N/(0,1),?

we have

E[f'(X) - Xf(X)]=0. (2.1)

It is straightforward to show that (2.1) holds under normality. Hence, the main result of Stein
(1972) is that (2.1) characterizes the normal distribution. The Stein equation (2.1) has several
implications, like the recursive moment equation E[X'T'] = {E[X"!], (with f(X) = X?).
It is worth noting that Amemiya (1977) used this equality to show the consistency of the
maximum likelihood estimator for nonlinear simultaneous equation models while Davidson and
MacKinnon (1984) used it when they developed their specification tests based on double-length
artificial linear regressions.

The Stein equation (2.1) is the basic test function we consider for testing normality. This

may be applied to monomials, polynomials and more general functions. An important property

30Observe that in the normal case, we have E|X f(X)| < +oc when E|f'(X)| < +oc.
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of the Stein equation is by construction, the expectation of the considered function is zero.
Therefore, one does not compute the analytic formula of the moment as one would when he
uses, for instance, marginal moments. In other words, if one considers an integrable function g
and wants to check that the empirical counterpart of E[g(X)] is close to the theoretical formula,
then by using the Stein equation, one will get another function (namely XG(X) where G(-)
is any primitive function of g(-)) whose population mean equals E[g(X)]. Therefore, one can
test normality by comparing the empirical counterparts of E[g(X)] and F[XG(X)].*

There are some functions of interest for which the Stein equation becomes simple. This is

the case for the Hermite polynomials we consider below.

2.2 Hermite polynomials

The normalized Hermite polynomial H; associated with the N (0, 1) distribution is defined by

HZ(.’E) _ exp(x—z) (:/71‘)1 d’ expé;ﬂ/?) .

2.2
: (22)
From (2.2), it is easy to show that the Hermite polynomials are given by the recursive formula

1

1

{.’BHZ'_1(.’L') — \/i — 1Hi_2($)}, H0($) = 1, Hl(l') =x. (23)

By applying (2.3), we have
1 1

Hy(z) = —=(2° — 1); H3(v) = %(x‘q’ —3z); Hy(z) = \/ﬁ(az‘l — 627 + 3). (2.4)

When a random variable X follows a normal distribution A(0, 1), the transformed random
variables H;(X), ¢« = 0,1,..., have some interesting properties. In particular, they are

orthonormal, that is:

E[H;(X)H;(X)] = b, (2.5)
where 6;; is the Kronecker symbol. By applying (2.5) to j = 0 and ¢ # 0, one gets

Vi >0, E[H;(X)] =0, (2.6)

that is, the Hermite polynomials H;(X) are centered for ¢ > 0.
In order to characterize the relationships between the Stein equation (2.1) and the Hermite
polynomials, note that (2.2) implies the following restrictions are fulfilled by the derivatives of

the Hermite polynomials:

H,(z) = ViH;_1(z) and H, (z) — zH,(x) + iH;(x) = 0. (2.7)

4 Another solution is to define, when it is possible, the function h(X) = g(X)/X. In this case, if one can use
the function h in the Stein equation, then one gets E[g(X)] = E[Xh(X)] = E[h'(X)].

4



Let us now apply the Stein equation (2.1) to the function H!(x)/+/i. This function is clearly

differentiable and integrable. Therefore, we have
1 "7 !
—F[H, (X)—- XH,(X)] =0,
7 [H; (X) i(X)]
which implies (2.6) by using the second result in (2.7). As a consequence, the Stein equation
(2.1) implies (2.6). It turns out that the converse also holds:

Proposition 2.1 Let X be a random variable such that Vi > 0, E[H;(X)] = 0. Then, the
equation (2.1) holds for any differentiable function f such that E[|f'(Z)|] < +oc where Z is
assumed to be N'(0,1). Consequently, a random variable X is N'(0,1) if and only if (2.6) holds.

This result is established by Gallant (1980, Theorem 3, page 192) for any distribution that
admits some polynomials as a basis of the space of the square-integrable functions, which is
the case for the normal distribution. We therefore dropped it from this paper; see however the
previous version, Bontemps and Meddahi (2002), for a proof. This proposition means that for
statistical inference purposes, in particular testing, one could use Hermite polynomials only.

2.3 Continuous time case

Consider a univariate diffusion process X; assumed to be the stationary solution of

where W, is a standard Brownian process. Then, Hansen and Scheinkman (1995) provide
two sets of moment conditions related to the marginal and conditional distributions of X;

respectively. For the marginal distribution, Hansen and Scheinkman (1995) show that
E[Ag(Xy)] =0, (2.9)

where g is assumed to be twice differentiable and square-integrable with respect to the marginal
distribution of X; and A is the infinitesimal generator associated with the diffusion (2.8), that

——9" (7). (2.10)

A well-known continuous time process for which the marginal distribution is N(0,1) is the

standardized Ornstein-Uhlenbeck process defined by
dX, = —kX,dt + V2kdW,, k>0, X,~N(0,1). (2.11)
For this process, Hansen and Scheinkman (1995) moment condition (2.9) becomes:

E[-kX.g'(X¢) + kg"(Xy)] = 0. (2.12)



Thus, by considering the function f defined by f = ¢', we obtain the Stein equation (2.1)
(since k # 0). Thus, the Hansen and Scheinkman (1995) moment condition (2.9) coincides
with the Stein equation (2.1).

The continuous time setting provides examples of processes where the marginal distribution
is normal while the conditional distribution is not. A first example may be constructed as
follows. For a given specification of u(z) and o(z), the marginal density function of the

process X, is, up to a scale,®

x
o(x)™? exp(/z ilg—l(gzdu).

This density function suggests that two different specifications of p(z) and o(x) may give the

same marginal distribution. It turns out that this is the case.® As a consequence, it is possible

to get a scalar diffusion such that the marginal distribution is A/(0,1) while the conditional

distribution is not normal, that is a non Ornstein-Uhlenbeck process.

A second example may be obtained by subordination. More precisely, assume that we
observe a sample x;, Z9, ...,z of a process X; with X; = Yg,, where Y} is a stationary scalar
diffusion and S;, t = 1,...,T, is a positive and increasing process with S; = 1. Under the
assumption that the processes {Y,,7 € IRT} and {S;,t € N*} are independent, the marginal
distribution of the processes X; and Y; coincide. Therefore, if the process Y; is a standardized
Ornstein-Uhlenbeck process, the marginal distribution of X; is A/(0,1) while its conditional

distribution is (in general) not normal.

3 Test statistics

In this section, we provide the test statistics for testing normality. All of them are based on
the Stein equation (2.1). We study in detail the cross-sectional and the time series cases. We
assume that we observe a sample of the random variable of interest, i.e., we do not take into

account the potential problem of parameter uncertainty (studied in the next section).

3.1 T

onsider a sample x1, ..., xr, of the variable of interest denoted by X. The observations may
be independent or dependent. We assume that the marginal distribution of X is A(0,1). et
fi, .-, f, be differentiable functions such that f’ is integrable. For a real x, define the vector
g(z) € IR , whose components are (f'(z) xf (z)) for =1,..., . Thus, by the Stein equation
(2.1), we have ¢g(X) = 0. Throughout the paper, we assume that any component of the

































































































