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Abstract

Estimation and forecasting for realistic continuous-time stochastic volatility models
is hampered by the lack of closed-form expressions for the likelihood. In response,
Andersen, Bollerslev, Diebold and Labys (2003) advocate forecasting integrated
volatility via reduced-form models for the realized volatility, constructed by
summing high-frequency squared returns. Building on the eigenfunction stochastic
volatility models of Meddahi (2001), we present analytical expressions for the
forecast efficiency associated with this reduced-form approach as a function of
sampling frequency. For popular models like GARCH, multi-factor affine and
log-normal diffusions, the reduced form procedures perform remarkably well relative
to the optimal (infeasible) forecasts.
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1 Introduction

Continuous-time stochastic volatility models figure prominently in modern asset
pricing theories. At the same time, empirical analysis of such models are
generally complicated by intractable expressions for the likelihood of the observed
discrete-time returns. Even though a burst of research activity has brought
important advances (see, e.g., the surveys in Ait-Sahalia, Hansen and Scheinkman,
2002, Gallant and Tauchen, 2002, and Johannes and Polson, 2002), the discrete-time
(G)ARCH class of models remains the workhorse for modeling and forecasting time-
varying volatility in situations of practical import. However, recent developments in
econometric methodology and the increasing availability of richer data sources hold
the promise of a paradigm shift.

In particular, from the perspectives of asset pricing and risk management,
interest typically centers on (forecasts for) the integrated volatility as opposed to the
point-in-time (spot) volatility which often serves as a (latent) state variable in the
formulation of continuous-time models. Moreover, from a statistical perspective, the
integrated volatility provides a direct measure of the discrete-time return variability
appropriately defined (see, e.g., the discussion in Andersen, Bollerslev, Diebold and
Labys, 2003, henceforth ABDL, and Andersen, Bollerslev and Diebold, 2002). These
observations, along with the increased availability of continuously recorded intraday
prices (ultra high-frequency data in the terminology of Engle, 2000), have spurred
much recent research into the measurement, modeling, and forecasting of integrated
volatility based on discretely-sampled realized wvolatilities constructed from the
summation of finely sampled squared high-frequency returns (e.g., Andersen and
Bollerslev, 1998, ABDL, 2001, 2003, Barndorff-Nielsen and Shephard, 2001, 2002a,b,
Comte and Renault, 1998, and Meddahi, 2002a).

Specifically, the empirical results of ABDL (2003) suggest that relatively simple
discrete-time ARMA based forecasts for realized volatility compare admirably
to forecasts based on standard volatility models employed within the academic
literature and among practitioners. Of course, from a statistical perspective
these easy-to-compute reduced form time series forecasts for the observed realized
volatilities invariably entail a loss in efficiency relative to the optimal, but generally
infeasible, forecasts for the latent integrated volatilities based on the true underlying

continuous-time model.



In response to this, the present paper provides explicit analytical expressions for
the expected future integrated volatility for the most popular stochastic volatility
diffusion models employed in the literature, including GARCH, multi-factor affine,
and log-normal diffusions. We obtain these results by exploiting the general findings
for the eigenfunction stochastic volatility model class introduced by Meddahi (2001).
By conditioning the expectations on the full sample path realization of the latent
volatility process' as well as the coarser information set consisting of only the lagged
realized volatilities constructed from the high-frequency returns over fixed-length
time intervals, our results allow for a direct assessment of the tradeoff between
modeling complexity, sampling frequency, and forecast accuracy. As such, it also
directly quantifies the loss associated with simple feasible procedures relative to the
optimal, but infeasible ones.?

Following Andersen and Bollerslev (1998) and ABDL (2003) among others,
we focus our forecast comparisons on the value of the coefficient of multiple
correlation in the ex-post regressions of the (latent) integrated volatility of interests
on the forecasts obtained from the different volatility modeling procedures.> On
numerically quantifying this loss for empirically realistic sampling frequencies for
several specific models recently reported in the literature, we find that the simple
discrete-time autoregressive models for the realized volatilities perform remarkably
well compared to the fully efficient (non-feasible) continuous-time model forecasts
conditional on the full sample-path realization of the latent volatility process.
Hence, our results lend additional theoretical support to the use of simple empirical
reduced form modeling and forecasting procedures based on the observable realized
volatilities in situations of practical import.

The plan for the rest of the paper is as follows. The next section formally defines
the notions of integrated and realized volatility within the class of continuous-time

stochastic volatility models. We also briefly review the arguments for focusing on

!Throughout the paper, we identify the path realization of the volatility process and the path
realization of the state variable driving the volatility process. We will be more specific when the
difference between these two paths is important for forecasting purposes.

2This type of analysis parallels previous studies related to the predictability of mean asset
returns; see, e.g. the discussion in Campbell, Meddahi and Sentana (2002).

3No universally acceptable loss function exists for the evaluation of non-linear model forecasts;
see, e.g., the discussion in Andersen, Bollerslev and Lange (1999) and Christoffersen and Diebold
(2000). The particular loss function used here is directly inspired by the earlier contributions of
Mincer and Zarnowitz (1969), and we will refer to the corresponding regression as such; see also
the discussion in Chong and Hendry (1986).



forecasts of integrated volatility based on projections involving realized volatility.
Section 3 introduces the eigenfunction stochastic volatility class of models underlying
our theoretical derivations, and also sets out the three specific models that form the
basis for our numerical calculations. Section 4 presents analytical expressions for
the optimal (non-feasible) one- and multi-step-ahead forecasts for the integrated
volatility conditional on the full sample path realization of the latent spot volatility
process, along with the less efficient (still non-feasible) forecasts conditional on
the coarser information set consisting of “only” the lagged integrated volatilities.
Section 5 in turn presents the (feasible) forecasts for the future integrated volatilities
conditional on the past observable realized volatilities. This section also quantifies
the corresponding loss in efficiency for each of the three illustrative candidate models
as a function of the sampling frequency of the returns used in the construction of
the realized volatilities. Section 6 concludes. All proofs are relegated to a technical

Appendix.

2 Integrated and Realized Volatility

We focus on a single asset traded in a liquid financial market. Assuming the
sample-path of the corresponding price process, {S;,0 < t}, to be continuous,?
the class of continuous-time stochastic volatility models traditionally employed in
the finance literature is conveniently expressed in terms of the following generic

stochastic differential equation (sde),
leg(St) = ,Utdt + O'tth (21)

where W; denotes a standard Brownian motion, the volatility term o; is predictable,
and the drift term p, is predictable and of finite variation.® Of course, the point-in-
time, or spot, volatility process {oy,0 < t} measures the instantaneous strength of
the price variability expressed per unit-of-time.

Following standard practice we assume that the sample path of the o; process is
also continuous. Generally, o; and W; may be contemporaneously correlated so that

a so-called leverage style effect is allowed. However, the (asymptotic) distributional

4The discussion in this section explicitly rules out discontinuities in the price process. However,
our new theoretical results based on the eigenfunction stochastic volatility class of models could
fairly easily be extended to allow for jumps. We briefly allude to this possibility in Section 3.

5The drift, ¢, may generally depend explicitly on both S; and ¢;. However, we suppressed all
the arguments for notational simplicity.



result discussed in this section is only known to be true under the assumption that
doy and dW; are uncorrelated (no leverage effect). Likewise, the results concerning
realized volatility in Section 5 precludes leverage effects. In contrast, the new
theoretical results in Sections 3 and 4 explicitly allow for a non-zero (instantaneous)
correlation, and we conjecture that the key results on realized volatility in Section
5 will be (approximately) valid in this case as well. Likewise, to facilitate the
exposition, we explicitly exclude jump processes although many of the results remain
valid for empirically relevant jump specifications.

The sde in equation (2.1) greatly facilitates arbitrage-based pricing arguments.
However, as emphasized by Andersen, Bollerslev and Diebold (2002), practical
return calculations and volatility measurements are invariably restricted to discrete
time intervals. In particular, focusing on the unit time interval, the one-period

continuously compounded return corresponding to (2.1) is formally given by,

t ¢
re = log(S;) — log(Si—1) = / Hydu +/ OudWy. (2.2)
t—1 t—

1

Hence, with no leverage effect and conditional on the sample-path realizations of
the drift and volatility processes, {p,t — 1 < u < t} and {o,,t — 1 < u < t}, the
one-period returns will be Gaussian with conditional mean equal to the first integral
on the right-hand-side of equation (2.2), while the conditional variance equals the

integrated volatility,

t
IV, = / oldu. (2.3)
t—1

The integrated volatility therefore affords a natural measure of the (ex-post)
return variability, as recently highlighted in independent work by Andersen and
Bollerslev (1998), Comte and Renault (1998) and Barndorff-Nielsen and Shephard
(2001). The integrated volatility also plays a key role in the stochastic volatility
option pricing literature. In particular, ignoring the variation in the conditional
mean, Hull and White (1987) show that option prices are uniquely determined by
the expected future integrated volatility (see also Garcia, Lewis and Renault, 2001).

Of course, integrated volatility is not directly observable. This has spurred the
development of several new statistical procedures for modeling and forecasting the
(latent) integrated volatility based on specific parametric models within the general

diffusion class of models in equation (2.1) (see, e.g., Gallant, Hsu and Tauchen,
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1999, and Barndorff-Nielsen and Shephard, 2001, and the references therein). While
these procedures allow for the construction of asymptotically optimal forecasts under
appropriate conditions, they are generally not robust to misspecifications of the
underlying continuous-time model and also quite complicated to implement.
Alternatively, consider the so-called realized volatility defined by the summation

of intra-period squared returns,

1/h
RV, (h) = ngii)fﬂh’ (2.4)
i=1

where the h-period return is given by ri" = log(S;) — log(Si—r), and 1/h is a
positive integer. By the theory of quadratic variation, RV;(h) converges uniformly
in probability to IV, as h — 0, thus allowing for increasingly more accurate
non-parametric measurements of integrated volatility as the sampling frequency of
the underlying intra-period returns increases.

If we further assume that the realized and integrated volatility measures
are square integrable, the asymptotic unbiasedness of RV;(h) for IV, implies
that forecasts for IV,.;, 7 > 1, based on the projection of RV,.;(h) on any
time ¢ information set, will also be (asymptotically) unbiased and optimal in a
Mean-Square-Error (MSE) sense relative to that particular information set.® In
particular, restricting the information set to the lagged realized volatilities only, as
proposed by ABDL (2003), conveniently circumvents the complications associated
with the use of latent variable procedures in the construction of the integrated
volatility forecasts. Of course, doing so also entails a loss in forecast efficiency
relative to the optimal (non-feasible) forecasts for IV;,; conditional on the full
sample path realization of the instantaneous price and (latent) spot volatility
processes. However, as we show below, this loss in efficiency is typically fairly
small. We next turn to a discussion of the eigenfunction stochastic volatility class

of models used in our formal derivation of this important practical result.

6This result holds generally subject to a uniform integrability condition ensuring convergence
in expectation of the uniformly consistent realized volatility measure. As such, it includes cases
in which the continuous sample path assumption for spot volatility is violated; see, e.g., the
discussion in Andersen, Bollerslev and Diebold (2002) and Barndorff-Nielsen and Shephard (2002b).
Hoffman-Jgrgensen (1994), sections 3.22-3.25, provides a formal discussion of the necessary uniform
integrability conditions on the underlying price process to ensure convergence in expectation. See
also Billingsley (1986), Exercise 21.21, for the identical result.



3 Eigenfunction Stochastic Volatility Models

This section reviews the main properties of the Eigenfunction Stochastic Volatility
(ESV) models introduced in Meddahi (2001) and provides a discussion of the specific
parametric models considered in our numerical calculations. The ESV class of
models includes most continuous-time stochastic volatility models analyzed in the
existing literature. Meanwhile, the formulation in terms of orthogonal eigenfunctions
provides a particular convenient and elegant framework for the derivation of explicit

analytical expressions for volatility forecasts.

3.1 General Theory

The generic stochastic volatility model in equation (2.1) is only restricted by the
requirement that the point-in-time, or spot, volatility process, o;, be non-negative
(and continuous). Most popular stochastic volatility models in the existing literature
are based on the additional assumptions that the volatility process is driven by
a single (latent) state variable. In the context of the ESV class of models, the

corresponding one-factor representation takes the form,

dlog(Sy) = pedt + oy [\/1— p2dW + pd W], (3.1)

where Wt(l) and Wt@) denote two independent standard Brownian Motions, and the

instantaneous volatility is related to the latent state variable,

df, = m(f)dt + /v(f)dW®, (3.2)

by the functional relationship,

op = Z ai (fr), (3.3)
i=0

where the integer p may be infinite, the a; coefficients are real numbers, the
P;(f1)’s denote the eigenfunctions of the infinitesimal generator associated with
ft, with corresponding eigenvalues (—J;), and the normalizations Py(f;) = 1 and

Var[P;(f;)] = 1 for i # 0 are imposed for notational simplicity.”

"For a more detailed discussion of the properties of infinitesimal generators see e.g., Hansen
and Scheinkman (1995) and Ait-Sahalia, Hansen and Scheinkman (2002).



The expression for o7 in equation (3.3) may appear somewhat arbitrary.
Importantly, however, any square-integrable function g(f;) can be written as a linear

combination of the eigenfunctions associated with f;, i.e.,

g(fe) = Z a; P (f2), (3.4)

where a; = Elg(f:)Pi(f:)] and "2, af = E[g(f:)?] < oo, so that g(f;) is the limit
in mean-square of Y >, a; P;(f;) for p going to infinity. As such, the ESV structure
encompasses the popular GARCH diffusion model (Nelson, 1990), as well as the
log-normal model (Hull and White, 1987; Wiggins, 1987) and the square-root model
of Heston (1993); these examples are considered in the following subsection.

The power of the ESV representations of these and other continuous time
stochastic volatility models essentially stems from the following two properties.
First, the eigenfunctions associated with different eigenvalues are orthogonal and

any nonconstant eigenfunction is centered at zero (for ¢,5 > 0 and i # j):
E[F(f)F;(f)] =0 and E[F(f))] = 0. (3.5)

These features, of course, underlie the result noted after equation (3.4) that
Yoo ar = Elg(fi)?]. Second, the eigenfunctions are first order autoregressive

processes (in general heteroskedastic):
V>0, BIP(fus) | fro7 < 1] = exp(=Ad) PA(f). (3.6)

Given the structure of the ESV model and the Markovian nature of the joint process
(St, fi), conditional expectations of any transformation of this variable, including
the variance, therefore only depend on the expectations of the eigenfunctions. The
orthogonality of the eigenfunctions coupled with the simple first-order autoregressive
dynamics in turn render such calculations straightforward.

The ESV representations discussed above are based on a single (latent) state
variable. Meanwhile, several recent studies, including Alizadeh, Brandt and Diebold
(2002), Bollerslev and Zhou (2002), Engle and Lee (1999), Gallant, Hsu and Tauchen
(1999), and Harvey, Ruiz and Shephard (1994) among others, have argued for the
empirical relevance of allowing for multiple volatility factors. Fortunately, the ESV
approach easily allows for multiple factors, while maintaining the validity of the
formulas in (3.4), (3.5) and (3.6); see Meddahi (2001) for further details.®

8See also Chen, Hansen and Scheinkman (2000) for a general approach to eigenfunction modeling
for multivariate Markov processes.



3.2 Specific Illustrations
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