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Abstract

This paper derives the ARMA representation of integrated and realized variances when the
spot variance depends linearly on two autoregressive factors, i.e., SR-SARV(2) models. This
class of processes includes affine, GARCH diffusion, CEV models, as well as the eigenfunction
stochastic volatility and the positive Ornstein-Uhlenbeck models. We also study the leverage
effect case, the relationship between weak GARCH representation of returns and the ARMA
representation of realized variances. Finally, various empirical implications of these ARMA
representations are considered. We find that it is possible that some parameters of the ARMA
representation are negative. Hence, the positiveness of the expected values of integrated or
realized variances is not guaranteed. We also find that for some frequencies of observations,
the continuous time model parameters may be weakly or not identified through the ARMA

representation of realized variances.
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1 Introduction

The recent literature on volatility modeling has highlighted the advantage of using realized
variances constructed from the summation of finely-sampled squared high-frequency returns.
These papers include Andersen and Bollerslev (1998), Andersen, Bollerslev, Diebold and Ebens
(2001), Andersen, Bollerslev, Diebold and Labys (2001, 2003; ABDL hereafter), Barndorff-
Nielsen and Shephard (2001, 2002a-c, 2003), Taylor and Xu (1997), and Zhou (1996); for a
survey of this literature, Andersen, Bollerslev and Diebold (2001), Barndorff-Nielsen, Nicolato
and Shephard (2002), and Dacorogna et al. (2001) should be consulted. The theoretical
justification for this approach is that when the length of the intra-daily returns tends to zero,
the sum of squared returns tends in probability to the quadratic variation of the underlying
diffusion process (ABDL, 2001; Barndorff-Nielsen and Shephard, 2001; Comte and Renault,
1998). Quadratic variation plays a central role in the option pricing literature. In particular,
when there are no jumps, quadratic variation equals the integrated variance highlighted by
Hull and White (1987).

Concurrently, it has been well established by several empirical studies that two factors are
needed to model correctly the spot variance process: one factor to capture the persistence
of the volatility and a second one to deal with fat-tails; examples of these studies include
Engle and Lee (1999), Gallant, Hsu and Tauchen (1999), Meddahi (2001), Alizadeh, Brandt
and Diebold (2002), Barndorff-Nielsen and Shephard (2002a), Bollerslev and Zhou (2002), and
Chernov, Gallant, Ghysels and Tauchen (2003).

The main goal of the paper is to derive the ARMA representation of integrated and realized
variances when the spot variance depends linearly on two autoregressive factors. Continuous
time stochastic volatility models where the spot variance depends linearly on autoregressive
factors are studied in detail by Meddahi and Renault (2002) who named them the square-
root stochastic autoregressive variance (SR-SARV) models in reference to the discrete time
counterpart introduced by Andersen (1994). Special examples of SR-SARV models are: the
affine model of Heston (1993); the GARCH diffusion model of Nelson (1990); the CEV processes
when the variance is square-integrable (Meddahi and Renault, 2002); the positive Ornstein-
Uhlenbeck model of Barndorff-Nielsen and Shephard (2001); and the eigenfunction stochastic
volatility model of Meddahi (2001).

Knowing the ARMA representation of integrated and realized variances is important for
impulse response analysis, filtering, forecasting, and for statistical inference purposes. For
example, by using these ARMA representations, one can forecast future values of integrated
or realized variances by using current and past realized variances. Indeed, this approach is

adopted in Andersen, Bollerslev and Meddahi (2002) who used the results of the present paper.

LAn alternative approach to the two-factor model is to consider a one-factor model with jumps, as in
Andersen, Benzoni and Lund (2002) and Pan (2002); for a comprehensive empirical comparison of these
approaches, see Chernov et al. (2003).



The ARMA representation is also the analytical steady-state of integrated variance. Hence,
instead of using the Kalman filter in a QML estimation procedure as did Barndorff-Nielsen and
Shephard (2002a), one can use the ARMA representation. In addition, knowing the ARMA
representation of the integrated variance process (and their moments derived in Andersen,
Bollerslev and Meddahi, 2002) allows one to implement tests for equal or superior predictive
ability? of different continuous time stochastic volatility processes, using the realized variance
as a proxy for the integrated variance.

Barndorff-Nielsen and Shephard (2002a) showed that integrated and realized variances
are ARMA (p,p) processes when the spot variance is a linear combination of p independent
continuous time autoregressive processes. This result was extended by Andersen, Bollerslev
and Meddahi (2002), who establish the same result when the variance is a linear combination
of p uncorrelated and autoregressive processes. However, these studies did not characterize
all the parameters of the ARMA (p,p) processes. While the autoregressive parameters of the
ARMA (p,p) process coincide with those of the p autoregressive factors involved in the spot
variance, the characterization of the moving-average parameters is less obvious. To do so, we
use the results of Meddahi (2002a) who characterized these moving-average parameters when
p = 2. Finally, it is worth noting that the ARMA representation of realized variance is not
the same as the weak GARCH representation of returns (Drost and Nijman, 1993; Drost and
Werker, 1996). However, a weak GARCH structure of intra-daily returns implies the ARMA
structure of realized variances. In Section 4, we elaborate in more detail the relationship
between the weak GARCH representation of returns and the ARMA representation of realized
variances.

After deriving the ARMA representation of integrated and realized variances, we study their
empirical implications, and find two main important results. First of all, when one writes the
(GARCH-like) recursive equation of the expected value of integrated or realized variances, one
can possibly get negative parameters. Hence, the positivity of the expected value of integrated
or realized variances is not ensured. This result is not in contradiction with the theoretical
aspects of the model: it is possible that the linear projection of a positive variable onto the
Hilbert-space generated by its past values is non-positive. However, the conditional expectation
of a positive variable given the sigma-algebra generated by its past values is always positive.
This non-positivity problem was the main motivation of Meddahi and Renault (2002) to use
SR-SARV models instead of weak GARCH ones to study temporal aggregation of volatility
models. The second empirical result is that it appears that some parameters of the structural
models, i.e., the parameters of the continuous time model, are weakly identified when the
spot variance depends on two factors. The main reason is that one moving-average root of

the realized variance process is close to an autoregressive root and, indeed, is the same for

2For predictive ability analysis, see, e.g., Diebold and Mariano (1995), West (1996), and Corradi and Swanson
(2002).



a particular frequency of observations that depends on the unknown parameters. This may
explain why some estimates are not precise in Bollerslev and Zhou (2002), who used GMM
(Hansen, 1982) to estimate a two-factor affine continuous time model by using the dynamics
of the realized variance process.

The paper is organized as follows. In Section 2, we give the structure of the autoregressive
variance processes and provide several examples. We then characterize in Section 3 the ARMA
representation of integrated and realized variances when the spot variance depends on one
autoregressive factor, given that this has not been previously presented in the literature.
Section 3 also deals with the more empirically relevant two-factor example. In Section 4,
we study the case of leverage effect, the link between weak GARCH of returns and ARMA
representation of realized variances, and the usefulness of the ARMA representation of realized
variance for the estimation of the parameters of the continuous time stochastic volatility model
by using the GMM or the QML methods. Section 5 studies the empirical implications of the
ARMA representation of integrated and realized variances. Section 6 concludes, and all the

proofs are reported in the Appendix.
2 Stochastic Autoregressive Variance Models

We assume that

dpt = o1 dW4, (2.1)

0t2 = a9 + CLP(ft) + &p(ft) (22)

where f; is a state-variable process, possibly bivariate, and independent of the process W;. The

functions P(:) and P(-) are defined so that they have the following properties:

E[P(f)] = E[P(f)] =0, Var[P(f,)]=Var[P(f,)] =1, (2.3)

COU[P(ft)af)(ft)] =0, (2'4)

Vh > 07 E[P(ft-i-h) | fTapTaT < t] = eXp(_)\h)P(ft)a

. . (2.5)
E[P(fi+n) | fripr, 7 < t] = exp(=AR)P(f2),

where \ and ) are two positive real numbers. In the first part of the following section, we will

assume that a equals zero and we will call it the one-factor model. In the second part of the

same section, we will assume that a # 0 and a # 0, and we will call it the two-factor model.
Equations (2.3) are normalization assumptions. Equation (2.4) means that the components

P(f;) and 15( fi) are uncorrelated. This assumption met when f; is a bivariate process

3



(fits fo) T where fi; and fo, are independent, P(f;) is a function of fi,, and ls(ft) is a
function of fy;. This independence assumption is, however, not necessary for ensuring (2.4);

see the eigenfunction example below. Observe that (2.3) and (2.4) imply
Elo}]=ay and Varlo}] = a®+a’. (2.6)

Assumption (2.5) means that each component of the spot variance is an AR(1) process. As
we will show below, when explicit examples will be provided, assumption (2.5) holds for the
popular affine stochastic volatility models (Heston, 1993) and the GARCH diffusion model
(Nelson, 1990). It holds also for the CEV processes, the eigenfunction stochastic volatility
(ESV) models of Meddahi (2001), and the positive Ornstein-Uhlenbeck Lévy-driven models of
Barndorff-Nielsen and Shephard (2001). Observe that under (2.5), we have

Vh >0, Elo2, | fr,pr T < 1] = ag + aexp(—=Ah)P(f;) + aexp(—Ah) P(fy). (2.7)

This model is a special case of the SR-SARV model introduced by Andersen (1994)
in discrete time and extended to continuous time by Meddahi and Renault (2002). It
is a special case because Meddahi and Renault (2002) assumed that the variance is a
linear combination of the components of a general VAR(1) process, while we are assuming
that the VAR(1) process has a diagonal autoregressive matrix. Because we specify the
independence of the factor f; with the Brownian process W;, we exclude the leverage effect,
and accordingly the theoretical results of Meddahi and Renault (2002) imply that any
discrete process {sgz),egz) = Pth — Pt—1)h,t € N}, where h a positive real number, is a weak
GARCH(2,2) (Drost and Nijman, 1993; Drost and Werker, 1996); see Meddahi (2002a) for
the characterization of the weak GARCH parameters. We now give some examples of the

model characterized by (2.1)-(2.5).
Example 1: Affine processes, Heston (1993). Assume that o = ait + ag,t where O'it
and ag,t are two independent square-root processes
O'Zt = kZ(HZ — O'Zt)dt + O-io-z'tdvvi,t; 7= 1, 2.
Then we can rewrite o7 as in (2.2)-(2.5), with f, = (07 ,,03,)7,

V2k ~ V2k
12 (6, — Git)a P(f) = /—22

CLO:01+92, a = —01\/01/2]{51, &:—02\/02/2]€2, )\:kl, S\ZkQ

Example 2: GARCH diffusion processes, Nelson (1990). Assume that o7 = o7, + 03,

(02 - 0-3 t)a

’

P(ft) =

where ait and ait are two independent GARCH diffusion processes
2 _ 2 2 2 -
0,y = ki(0; — 07,)dt + 0;04d Wiy, 0f <2k;, i=1,2.
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Note that we assume that o? < 2k;, 4 = 1,2, in order to ensure the existence of the second
moment of azt, 1 = 1,2, which is an assumption that one needs for the existence of the second

moments of integrated and realized variances. We can also rewrite o7 as in (2.2)-(2.5), with

fi= (Uita U%,t)Ta

2k1 - O'%
910’1

P(ft) =

a0:01+02, CL:01 0%/(2[4)1—0'%), &:92 0'%/(2]{32—0'3), /\:kl, ;\:kg

Example 3: Eigenfunction stochastic volatility model, Meddahi (2001). Assume

that f; is a scalar stationary diffusion process given by the stochastic differential equation

dfy = p(f)dt + o(f;)dW;,

where W, is a Brownian process. Let A be the infinitesimal generator associated with f, and
defined by

a*(f)

92 QSH (ft)7

Ad(fi) = uw(f)d'(fr) +

for any square-integrable and twice differentiable function, ¢(f;). The solution P;(f;) of

APi(ft) = _)\iPi(ft)a

is called an eigenfunction, while (—);) is the corresponding eigenvalue.? Tt turns out that the
eigenfunctions satisfy the conditions (2.3), (2.4) and (2.5). Therefore, we can assume that the
autoregressive processes P(f,) and P(f,) in (2.2) are two particular eigenfunctions. Observe
that in this case, P(f;) and P(f;) are orthogonal but not independent.

Meddahi (2001) shows that most of the volatility models, with one factor or more, are
special examples of ESV models. It is the case for affine processes where the eigenfunction are
Laguerre polynomials. Thus, the first example is an ESV model. Meddahi (2001) also shows
that the GARCH diffusion example and hence Example 2 is an ESV model. When the state
variable f; is an Ornstein-Uhlenbeck process, as in the log-normal model of Hull and White
(1987) and Wiggins (1987), the corresponding eigenfunctions are the Hermite polynomials.
Therefore, the log-normal volatility model is an ESV model, but the decomposition of the
variance process o2 in terms of linear combination of Hermite polynomials involves all the

infinite number of polynomials. In contrast, one can assume that o7 depends on two particular

3For a more detailed discussion of the properties of infinitesimal generators, see, e.g., Hansen and Scheinkman
(1995) and Ait-Sahalia , Hansen and Scheinkman (2002); see also Chen, Hansen and Scheinkman (2000) for an
alternative approach of modeling continuous time processes through eigenfunctions.



Hermite polynomials, i.e., P(f;) and P(f,) in (2.2) are two Hermite polynomials, H;(f;) and
H;(f:). For instance, Meddahi (2001) studies the case

O'tz = aqagy + G1H1(ft) +a2H2(ft), Hl(ft) = fta HQ(ft) = (ftZ - 1)/\/§’

with a? — 4as/v/2(ag — az/+v/2) < 0 and ay > 0 in order to ensure the positivity of o2. Finally,
note also that Meddahi (2001) proposes other continuous time factors within the eigenfunction
framework, particularly an example based on the Jacobi diffusion.

Example 4: Positive Ornstein-Uhlenbeck processes, Barndorff-Nielsen and
Shephard (2001). Assume that o7 = o7, + 03, where o7, and 03, are two independent

positive Ornstein-Uhlenbeck processes

t 0
azt = e_k"tagﬂ- +/ e_ki(t_s)dzi(kis), k; >0, ag,z- = / e’dz(s),
0 —00
where z;(t) and 25(t) are two independent integrable homogenous Lévy processes with positive
increments. In addition, assume that the mean and variance of ait, i=1,2, exist and are denoted

respectively by 6; and v;. Then we can rewrite o7 as in (2.2)-(2.5), with f; = (07 ,,03,)",

2 2

Pfi) = =0 =, P(f) v

CLO:01+02, a = v, EL:’UQ, )\:kl, )\:kg

Example 5: Combination of two different factor structures. In the first, second
and fourth previous examples, we always considered the same structure for the factors. For
instance, in the first example, we assume that the variance is the sum of two square-root
processes. However, one can also combine two different structures for the component of o?.
A simple example is to assume that o7 is the sum of a square-root process and a GARCH
diffusion process. This approach, implicit in the multifactor ESV model of Meddahi (2001), is
not very common in the literature; see, however, Chernov et al. (2003) for stock price dynamics

modeling, and Ahn, Dittmar, Gallant and Gao (2003) for interest rate modeling.

3 ARMA Representation of Variances

3.1 Integrated and Realized Variances

In the rest of the paper, we will study the ARMA representation of the daily integrated variance

and the realized variance. These two variables are defined respectively by

t
IV, = / oodu, (3.1)
t—1



and

1/h
h)2
RVy(h) = Zggf)H—ih’ (3:2)
i=1

where h is a real number such that 1/A is an integer, and 5?(:’1)1 1, are the intra-daily returns over
the periods [t —1+ (i —1)h;t —1+1ih], fori =1,2,...,1/h. It is well-known, using the theory of
quadratic variation, that RV;(h) converges in probability towards IV; when h — 0. In addition,
Barndorff-Nielsen and Shephard (2002a) provide a Central Limit Theorem. Finally, for a given
h, Barndorff-Nielsen and Shephard (2002a) and Meddahi (2002b) studied theoretically the
difference between realized and integrated variances.* Indeed, Meddahi (2002b) shows that

when there is no drift, we have

RVy(h) = IV} + e;(h), (3:3)
where
/h  t—1+ih u
e(h) =2 / ( / o dW,) oy dW,.
im1 Jt=1+(i—1)h Ji-1+(i—1)h

Note that the convergence of realized variance towards integrated variance, plus some uniform
integrability conditions, imply also that at the limit the ARMA representation of integrated
and realized variances coincide. We will discuss this point below.

Before characterizing the ARMA representation of variances in models with one or two
factors, let us make two remarks about these ARMA representations for a general SR-SARV (p)
process. Meddahi and Renault (2002) show that for a SR-SARV(p) process, the spot variance
follows an ARMA (p,p-1). Therefore, the integrated variance which is obtained by temporally
aggregating the spot variance process is an ARMA (p,p) (see Granger and Morris, 1976). When
there is no leverage effect and no drift, Barndorff-Nielsen and Shephard (2002a) and Meddahi
(2002) show that the process e;(h) is uncorrelated with the process I'V;. Hence, realized variance
is also an ARMA(p,p) and has the same autoregressive roots as integrated variance. However,
the moving-average roots are different. Second, Barndorff-Nielsen and Shephard (2002a)
formally showed that both integrated and realized variances follow an ARMA (p,p) when
the spot variance equals the sum of p independent and autoregressive processes. Andersen,
Bollerslev and Meddahi (2002) extended these results to the case where the spot variance

equals the sum of p uncorrelated and autoregressive processes, as in our setting.’

4Andreou and Ghysels (2002) and Bai, Russell and Tiao (2001) also studied this difference through
simulations. In particular, they take into account microstructure effects that we ignore in our study.

°In their proof, Bollerslev and Zhou (2002) explicitly recognized that integrated and realized variances are
ARMA (p,p) processes, p = 1,2, when the spot variance depends on p square-root processes.



In the derivation of the ARMA representation of integrated and realized variances, we will

need some variances and covariances of these two variables. They are given by®

Var[IV;] = QK—z[eXp(—/\) +A-1]+ 2;—2[exp(—5\) + A —1], (3.4)
Cov(IVi, Vi) = a? 1- eX)\pQ(—)\)]2 e 1-— ex:\p2(—5\)]2, 35
Cov(IV;, IVi_y) = a® exp(—N) 1= ex/\pQ(—)\)]Z + a2 exp(—\) 1= exj\pz(—j\)]Z’ (3.6)
Var[RVy(h)] = Var[IVy] + Varle,(h)], with

., 4a? 4a° . . (3.7)

Varle;(h)] = 2agh + W(exp(—/\h) — 14 Ah) + W(exp(—)\h) — 14 Ah),
Cov(RVi(h), RV, 1(h)) = Cov(IV, IV 1), (3-8)
Cov(RVy(h), RV;-3(h)) = Cov(IV,, IV;_s). (3.9)

In the subsequent propositions, we will also use the following notation. Let z; be second-

order stationary variable, then we denote by
my_1]#] (3.10)

the best linear predictor of z; onto H; {(z), where H, {(z) is the Hilbert-space generated by
{1, z;,7 < t — 1}. For real numbers 71, 72, vo, v1, v2, p1, and py with py # 0, we define the

following functions:

Dio(7;v0,v1) = (1 +7%)vo — 2901, (3.11)
D1 (7, vo, v1) = —yvo + vy, (3.12)

Dao (71,72, V0, V1, v2) = (1 + 7575 + (71 4+ 72)*)v0 — 2(71 + 72) (1 + 1172)v1 + 2717202,  (3.13)

D1 (71,72, v0, 01, v2) = —(1 + 7172) (71 +72)v0 + (1 + (71 + 72) + 1172)v1 — (71 + 72) 2,
(3.14)

6Barndorff-Nielsen and Shephard (2002a) give the formulas (3.4)-(3.9) when the spot variance depends on
independent and autoregressive processes. By using the results of Meddahi (2001, 2002b), the independence
assumption was relaxed by Andersen, Bollerslev and Meddahi (2002), who assumed that the autoregressive
processes are uncorrelated.



Dsy (71, Y2, Vo, V1, V2) = 17200 — (71 + 72)v1 + V2,
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